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Department of Electrical Engineering 
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The problem of detection and location of a small flaw inside 
a conducting cylinder using an eddy current coil coaxial with the 
cylinder has been addressed. The electric field at an arbitrary 
axial and radial position inside the conductor has been obtained 
from a previous solution of the boundary value problem. An expres-
sion for the change in complex impendance due to a small flaw located 
within a conducting body has been derived and is shown to be a func-
tion of the electric field at the position of the flaw. For the case 
of a degenerate point flaw this expression is further simplified by 
using just the value of the electric field at the position of the 
centroid of the flaw. The overall impendance is shown to be a func-
tion of the ratio of the radii of the loop and cylinder and of the 
conductivity of the material. The expression for the change in com-
plex impedance has been bactored into two terms, one dependent on the 
acial location of the flaw, and the other on the depth of the flaw. 
The axial location of the flaw is seen to affect only the magnitude 
of the change in impedance; whereas the depth of the flaw is seen to 
affect both the magnitude and phase of the change in impedance. Plots 
of the complex change in impedance as a function of the axial loca-
tion and depth of the flaw have been provided to illustrate its func-
tional dependence on these parameters. 
I. INTRODUCTION 
In previous work, an approximate analytical expression has 
been derived for the change in complex impedance between an ideal 
one-turn coil surrounding and coaxial with an infinitely long 
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conducting cylinder and a similar one without the core [1]. 
The results of this investigation have now been used to calculate 
the change in impedance due to a small flaw at an arbitrary loca-
tion inside the cylinder. An analytical expression for the change 
in coil impedance, ~Z, due to the flaw, has previously been ob-
tained in terms of an integral of the field quantities E (perturb-
ed field) and EO (unperturbed field) over the volume of the flaw 
[2]. For the case of a degenerate point flaw, an approximate ~Z 
can be expressed in terms of the unperturbed field EO evaluated at 
the centroid of the flaw. The series expansion of EO obtained by 
the solution of the boundary value problem has been simplified for 
the practical case of a highly conductive core. 
II. THEORETICAL ANALYSIS 
The basic geometry of the problem is illustrated in Fig. 1, 
and consists of a loop with radius "a", coaxial with a core of 
radius "b" and conductivity cr within which a small flaw of volume 
VF is located at a position (rc'zc) _ith respect to the origin of 
the coordinate system. 
+ The field and hence the magnetic vector potential A in each 
region satisfy the wave equation 
2+ 2+ + V A + k A = -~Ji . d mpresse (1) 
Making the usual eddy current approximation in region II ~nd III 
and equating k2 to -jw~cr in region I, the solution for A in the 
three regions is found for equation (1) 
where I 1 ,K1 are the modified Bessel functions of order one, 
K2 = w~cr and C1 ,C2,C3 and C4 are constants to be determined by 
the boundary conditions. 
(2) 
Since the change 
inside the conductive 
evaluate the constant 
that region. 
+ in impedance is a function of the E field 
region, the simplest choice would be to 
C1 and hence find the vector potential in 
From the four boundary condition equations at r=a, and r=b 
CHANGE IN IMPENDANCE OF SINGLE-TURN COIL 
Z I I 
REGION REGION REGION 
I I n m 
I 
b 
~"I(VF 
IZe 
- - +---
M---"'-+----,l.., I 
, 
'2'.1 
I 
CONDUCTING 
CORE 
SINGLE TURN COIL 
Fig. 1 Geometry of loop and cylinder with a flaw. 
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the constant Cl can be obtained. The resulting formula for the 
vector potential inside region I with y = IA 2+jK2b is 
I ~OIa foo Kl (Aa)Il (;\2+jK2 r) 
A¢(r,z) = -n--- 0 Abll(y)KO(Ab)+yIO(y)Kl(Ab) cos AZ dA . (3) 
The presence of the factor Kl(Aa) in Equation (3) ensures that the 
integrand will decay very rapidly with increased argument Aa. The 
effective range of the integration variable A for which the value 
of the integrand will be appreciable is much smaller than K. For 
such cases y is very nearly independent of the integration vari-
able and is a constant as far as A is concerned. The expression 
for A$ is reduced to 
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I A<j>(r,z) (4) 
-+ The electric field EO viewed from the source terminals without the 
presence of the flaw is 
(5) 
The change in impedance due to a small flaw inside the cond¥cting 
cylinder can be calculated [2] using the approximation for EO in 
Equation (5) 
• oVF -+ -+ ~Z = --2-- EO(r ,z )oEO(r ,Z ) 
ICC c c 
so 
2 
cos AZ dA] • (6) 
rc'zc 
From the expression for ~Z in Equation (6) it is evident that the 
dependence on the axial position of the flaw is totally contained 
in the integral which contributes only to the magnitude of 
~Z. The dependence on the depth (from the surface of the cyl-
inder) of the flaw which is determined by its radial location in-
side the conducting medium is contained in the complex term in 
square brackets and is seen to contribute both to the magnitude 
and to the phase of ~Z. 
where 
IjII (yr/b) 2 
Depth factor = Fd = [ KbI (y) ] 
o 
<5 = h/WlleJ = skin depth 
and define r /b = ~ 
c 
. 
For flaw depths of the order of a skin depth, r = b and the 
c 
(7) 
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ratio Il(ya)/IO(y) can be expanded asymptotically. [3] 
11 !5. (r -b) j !5..- (r -b) j 11 (ya) ..Q±jl 0 fb .fi c .fi c 
KbIO(Y) = 2 (b) J~ . e e (8) 
From Fig. 1 it is evident that 
rc-b = -rd = -flaw depth from the surface 
and the complex depth factor can be written 
1 0 2 b -2rd/o -j2(rd/o-n/4) 
F = - (-) - e e d 2 b r (9) 
c 
The term which includes the dependence on the axial position of 
the flaw is: 
Using the following transformation of variables 
a/b = S 
Ab = a 
Aa = as 
AZ = aSz /a = aSz' 
c c 
(zc/a = normalized axial position of the flaw with respect to the 
location of the loop) 
a2 (Kl (as) 2 2 2 F [ ( D ') d ] <-ba ) [ f (.D , Z ' ) J = -Z K () cos a~z a = ~
abO 1 a 
= [Sf(S,z,)]2 
where [ Kl (as) 
f(S,z') = 0 Kl(a) cos(aSz')da (10) 
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Although the functions Kl(a~) and Ki(a) are rapidly decaying func-
tions over their arguments, the ratIo Kl(a~)/Kl(a) is a monotoni-
cally varying, well-behaved function over the same range of argu-
ments. This feature makes any approximate analytical solution 
difficult to obtain and a numerical approach is seemingly the only 
answer. However, recognizing the physical consideration that ~Z 
should be maximum at z=O (location of the loop) and should approach 
zero at z=oo, a simple alternative approach was attempted [4]. The 
integrand K1(a~)/K1(a) was calculated numerically and plotted 
versus a in Fig. 2 for several different values of the geometric 
ratio ~ varying from 1.1 to 2.0 to ascertain the behavior of this 
quantity over the pertinent range of a. Each of these curves is 
seen to attain a maximum at a=O and to vary in an approximately 
exponential fashion as a increases. From Fig. 2 it is also evi-
dent that for all the cases of ~ being considered, the value of 
the integrand K1(a~)/Kl(a) is sufficiently negligible for a value 
of a greater than 35 (the worst case being at ~ = 1.1 where the 
value of the integrand at a = 35 is 2% of its value at a=O). The 
maximum at a=O can be obtained analytically from the limiting 
value of the small argument expression of K1(~~) and K1(a). 
2 4 6 8 10 12 14 16 18 20 22 24 
--..... a 
Fig. 2 Plot of Kl(a~)/K1(a) versus a for constant ~. 
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Each of these curves was then approximated by an exponential 
of the general form 
(11) 
where the constants A and B are functions of S. After evaluating 
the constants A and B for the particular case of S being consider-
ed~ in such a way that the expression f65 Ae-Bada best represents fg K(aS)/Kl(a)da (the upper limit of a has been assigned such 
that the integrand is negligible beyond this value) within an 
acceptable preassigned range of error, Equation (10) will reduce to 
f(S.z') ~ A(S) I: cos(aSz')e-B(S)ada (12) 
Equation (12) is essentially the Laplace transform of the quantity 
cos(aSz') and has previously been evaluated exactly [5]. 
(13) 
The accuracy of the method depends critically on choosing the 
value of the parameter B (since the value of A is given by the 
maximum at a=O) , so that the function Ae-Ba will conform most 
closely to the actual value of Kl(aS)/Kl(a). 
One way to fit a nonlinear equation to a set of data points 
is to reduce it to a set of linear equations which can be satis-
fied simultaneously. For a function of the type y = ae-bx or 
y = kxn it is not possible to make a rigorous linearization of the 
simultaneous equations of condition, mainly because the simultan-
eous equations are linear in the logarithmic scale. 
But if a rough approximation to a solution of such an equa-
tion is available, then the function y = Ae-Ba can be expanded in 
a generalized Taylor serip.s about the first solution and the sub-
sequent solutions can be obtained in an iterative fashion [6]. 
The error can be calculated at each step and the iteration carried 
out until the error is reduced to an acceptable range. 
-Ba Let a general function f(a) represented by Ae be plotted 
versus a as shown in Figure 3 and assume that the first approxi-
mate solution BO is known either by inspection, or by fitting the 
curve at two fixed points, such that 
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f (ex) 
Fig. 3 Arbitrary function f(a) vs a. 
-BOao ~f(aO) = Ae - f(aO) = 0 
At any other point al the function f(a) may be expanded in a 
Taylor series around the value BO such that the following condi-
tion is satisfied 
or 
which gives, 
M(al ) 
M - ---,~~ 
- alf(al ) 
-BOal 
where f(al ) = Ae and the new iterative value Bl = BO+~B. 
(14) 
H~~ing obtained the estimate of the parameter B, the inte-
gral fO Ae-Blada can be calculated and compared with the actual 
area under the integral faS Kl(aS)/Kl(a)da. If the error calcu-
lated is not within the acceptable range, a second iteration can 
be carried out at a2 such that 
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o 
The next iterative value can then be obtained. 
(15) 
and 
35 -B2a. 
The value o~ the integral I Ae do. and the area under the in-
tegration 105 Kl (a.S)/K1(a.)dR can be compared again at this stage 
to check for the desired accuracy. 
A functional representation with an accuracy of about 2% is 
probably adequate for most practical applications. This is parti-
cularly true since in any actual application there will be mea-
surement errors of this order or larger. Moreover the assumptions 
made in the models used to arrive at the integrals considered here 
are not expected to be precisely met in any real application. 
Hence, the iterative method will be carried out for the solution 
of B such that the error is within 2%. 
The solution of B and the percentage error have been calcu-
lated for different values of S varying from 1.1 to 2.0 with a 
maximum error found of 0.8%. Figure (4) shows the plot of BCS) 
versus S. 
For B = 1.0 
and 
f(Sz') = r: cos(a.,Sz')da. 
Hence from Equation (12), B(S=l) = 0.0 and the plot of B(S) is 
seen to be very nearly a straight line crossing the S-axis at 1.0. 
From this plot, an equation for B as a function of S has been 
found using a least-square fit of the data. 
B(S) ~ 0.8l5S - 0.794 (16) 
A is given by the value of K1(a.S)/Kl (a.) at 0.=0. 
argument expression for Kl(x) [3]. 
From the small 
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Fig. 4 Constant B(S) vs 6. 
£-im K (x) = 1. 
x+O 1 x 
Hm Kl (as) 
a+O Kl (a) 
1 A=-13 (17) 
Given a particular choice of the geometrical ratio 13, one can ob-
tain the value of the parameters A and B from Equations (16) and 
(17). The axial factor from Equation (6) evaluated at a position 
z'(=zc/a) can be shown to vary in the following way 
F = [Sf(S,z,)]2 = [13 AB ]2 
a B2+(Sz,)2 
Thus the resulting change in impedance is given by 
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I1Z = 
I1Z 
III. RESULTS 
The expression for ~Z in Equation (6) reveals that the two 
factors, the depth factor Fd and the axial factor Fa contain all 
the dependence due to the radial location and axial location, re-
spectively, of the flaw inside the cylindrical specimen. The depth 
factor itself is a complex quantity and hence contributes to both 
the magnitude and phase of the change in impedance. The axial 
factor, however, contributes only to the magnitude of the change 
in impedance. 
To investigate the effect on ~Z due to the variation in the 
radial location of the flaw, the real and imaginary part of the 
depth factor have been plotted versus the normalized flaw depth 
(rd/a) in Figures (5) and (6). One should note that the quantity 
blrc in the depth factor takes into account the radius of curvature 
of the cylindrical specimen. The effect of a flaw at some constant 
number of skin depths down inside the specimen will be greater if 
alb is larger (for a cylinder with smaller radius b). So at a 
constant operating frequency and at a constant flaw depth, the 
change in impedance would be magnified or suppressed depending on 
the ratio alb of the specimen. This is to be e~ected because the 
magnitude of the induced eddy current density (Iil)is higher for 
smaller cross section cylinders for a given constant primary sour~e 
current, I. Figure (7) shows the plot of magnitude and phase of i 
-+-for two cases (alb = 0.1, alb = 0.02). The magnitude of i at any 
radial distance is seen to be higher for the case of a smaller 
cylinder (alb = O'l) than that of a larger cylinder (alb = 0.002) 
and, the phase of i through the conductor varies the same way in 
both cases. Hence, when a flaw is located inside a smaller cylin-
der at a certain depth it causes a greater interruption of the 
current flow and consequently a higher value of ~Z when compared 
to that of a cylinder of larger radius. This behavior is shown in 
Fi~uri~ (5~ and (6). Figure (5) shows the plot of Re[(b/rc) 
e- rd e-] rd/a]versus rd/a for alb = 0.1, 0.02 and zero. The 
limiting case of a cylinder of infinit~ radius (alb = 0.0) corre-
sponds to the planar geometry situation. At any flaw depth rd/a, 
the contribution to the real part of I1Z is a maximum for the 
smallest cylinder (alb = 0.1) and least for the cylinder with in-
finite radius (alb = 0.0). Because of the progressive phase shift 
associated with the depth factor for increasing values of rd/a, 
the resistive and reactive part of I1Z are oscillatory in nature. 
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Fig. 5 Real part of "depth factor" vs rio. 
CHANGE IN IMPENDANCE OF SINGLE-TURN COIL 1231 
1.0 
0 .9 
0.8 
.... 
o 
U 
.E 0.7 
..c. 
a. 
~ 0 .6 
----- Planar geometry .. a::: 
~ =0.1 (Smaller cyl inder) 
0.1 
o L----O.,-l. -::-2-...,.0.L.4--0-l.-6--0.L. 8-----l1.0- I.L2-----l1.....:4~-I . .l:6=-----..J--1.8 
---.... r(jl 8 (normalized flow depth) 
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For certain flaw depths, Re(~Z) becomes negative. This means that 
the real part of the impedance of the flawed cylinder is slightly 
less than that of an unflawed one. But due to the large exponen-
tial behavior of the magnitude envelope, a flaw located at this 
depth will contribute negligibly in Re(~Z). 
- 2ri 8 -j 2rd/8 
Figure (6) shows the plot of Im[(b/rc)e e ] for 
8/b = 0.1, 0.02 and zero. For any arbitrary value of rd/8, the 
contribution to Im(~Z) is seen to be a maximum for the cylinder 
with smallest radius (8/b = 0.1) and a minimum for the cylinder 
with infinite radius (8/b = 0.0). At a sufficiently deep location 
of the flaw inside the cylinder, the phase can be such that Im(~Z) 
will be negative. The zero crossing of these plots would shift 
slightly if more terms were considered in the asymptotic expansion 
of Il(ay)/IO(y). Considering the first two terms of the series, 
the depth of the flaw can be located by adjusting the frequency of 
the source current such that 
Im(~Z) = 0 and (19) 
To illustrate the variation of ~Z as a function of the axial 
location of the flaw, the function Fa(S,z') has been plotted versus 
zc/a in Figures (8) and (9) for several values of S ranging from 
1.10 to 2.0. Each of these curves show a sharp maximum at zc/a=O.O 
(at the location of the loop) and the value of this maximum is a 
function of S. At this location the flaw is located directly under 
the current carrying wire where the induced eddy current distribu-
tion itself is a maximum for that cylinder. When the radius of the 
cylindrical core is varied (by varying S), the maximum in the in-
duced current distribution also changes. So the maximum in the 
magnitude factor at zc/a=O is also a function of S. At larger 
distances away from the loop the induced eddy current itself decays 
rapidly, hence a flaw located at those distances gives a negligible 
effect in the magnitude of ~Z. Thus, from a linear scan of the 
probe coil the axial location of a small flaw can be determined 
from a sharp maximum in the magnitude of ~Z, and the depth of the 
flaw at that location can be obtained from the first zero of Im(~Z) 
by adjusting the source current frequency. 
IV. CONCLUSIONS 
A first order approximation has been derived for the complex 
change in impedance of a single-turn coil surrounding a cylindrical 
conducting core due to a flaw located at an arbitrary position 
within the core. This change is seen to depend on the depth and 
axial position of the flaw as well as the geometrical and physical 
parameters of the coil and the core. 
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